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Wahrscheinlichkeit, daB3 Sie auf Threm néchsten Flug entfiihrt werden 5 ,5‘10_6

Wahrscheiniichkeit fiir 6 Richtige im Lotto 7,1-107°
Jahrliche Wahrscheinlichkeit, von einem Blitz getroffen zu werden 10~

Risiko, von einem Meteoriten erschlagen zu werden 1,6-10']2
Anzahl der Molekiile in einem Mol (bei Gasen 22,4 Liter) 6,023-10%
Anzahl der Atome der Erde 10" @'Y
Anzahl der Atome in der Sonne LB ey
Anzahl der Atome in unserer Galaxis 10% (2223)

Anzahl der Atome im Weitall (ohne dunkle Materie) w07 7%

Zeit bis zur néchsten Eiszeit 14.000 (2‘4}-.13111'6
Zeit. bis die Sonne zu einer Nova wird 10° (230) Jahre
Alter der Frde 10° (2°% Jahre
Alter des Universums 10" (27%) Jahre

Wenn das Weltall geschlossen ist:

Lebensdauer des Weltalls i (237) Jahre
Wenn das Weltall offen ist:

Zeit bis sich die Planeten aus den Sonnensystemen 18sen 10" (230) Jahre
Zeit bis sich die Sterne aus den Galaxienverbinden l6sen 10"? (2%*) Jahre

Viele der in diesem Buch auftretenden Zahlen iiberschreiten diese physikalischen Werte.
So wiirde z. B. ein Computer, der pro Sekunde 2.000.000.000 IDEA-Verschliisselungen
berechnen kann, zum Durchprobieren aller 2'%* moglichen Schliissel

7128 _34-10°8

9 1 ;4 7 sek 16
3. e BT 2. 64 .10
10 sek 3:2-10 Jahr

Wenn das Weltall geschlossen ist, 146t sich diese Berechnung nicht mehr vollstindig
durchfiithren?

Iahre:5,3-102}_lahre

132



A.4 Some Important Probability Distributions 493

where the inequality below the brace is obtained as follows: by simply remodel-
ling

we obtain
n(vVa+p—va)—ala+ ) +a+7’/2+8/220"/2+ B/2.
=+ a+8—va)’/2

Thus (A.4.18) is proved. This inequality is used for the proof of Theorem 11.1.
|

2

1009

1073 [ ... ... S S S i R B

10~ : ' : : ' : '
0 ; : : . ; : : 4.0

Figure A.5. Bounds for the complementary Gaussian error function Q(«)

For large values of « there exists an extremely precise approximation [75, 83}
which is not only of theoretical interest but also of great practical importance
for numerical computations:

2 ) e el 0 (A.4.19)
—_— || —=< Q) << ——— or ¢ > U. .
( a? ) av2r Q) a2
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150 ! 4. Linear Block Codes
a well-known
BCH code exists
| -
- - ————90—90 90— —0 0 0 0 00— - - -
44 45 46 47 48 49 50 51 32 53 54 55 56
existence of codes existence of codes codes cannot exist
guaranteed unclear from bounds (upper Hamming bound)
(lower GV bound)

Figure 4.5. Gilbert-Varshamov and Hamming bounds for (63, k, 5)2 codes



4.6 Error-Detection Performance
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Figure 4.7b. Undetected error probability (both axes logarithmically scaled)
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The Figures 3.5a and 3.5b show the performance results for the six codes
discussed in Example 3.9, where the block length is always chosen as 7 or 8. The
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5.4.3 The Colored Hats_Puzzle o=

The colored hats puzzle is a nice example for the successful application of Ham-
ming codes to problems which do not seem to be connected to communications
or coding. This puzzle was first published as an article which appeared in the
Science Times section of the New York Times of April 10th, 2001.

The puzzle is stated as follows: Each player of a team is randomly and
independently assigned to wear a colored hat (either red=0 or blue=1). Each
player views the colors of his other teammates (but can not see his own color),
and then tries to guess the color of his own hat. No communication is allowed
between the players except for a strategy session before the game begins. It is
allowed that some players do not guess and remain neutral. The team wins a
prize if at least one player guesses his own color correctly and no player guesses

incorrectly. Vice versa, the team loses if there are no guesses or at least one
player guesses incorrectly.

On the first view, the team seems to have a chance of winning of only 50%.
However, with a smart strategy, the chance of winning is almost 100%. More
precisely, if the number of players has the form n = 27 — 1, then the chance of
winning is n/(n +1).

The smart strategy is defined as follows. Let ¥ = (yo,... ,¥a—1) be a vector
representing the colors of the n hats. Let C be the (2"—1,2"—7—1,3), Hamming
code. By viewing his teammates, the i-th player knows the two vectors

a; = (yO: v g Wity Py - o = g yn—l):
b; = (yU: ces Yt LY, - - yn—l)

and guesses the color of his own hat as follows:

a; #Cand b; ¢ C = neutral
g; €Cand b; ¢C = guessl
a; € Cand b €eC = guess

The fourth case a; € C and b; € C is not possible since dg(a;, b;) = 1, however,
C has a minimum Hamming distance of 3.

Now we compute the chance of winning. Two cases have to be distinguished.
Firstly, if ¥ € C, then all players guess incorrectly and the team loses. Secondly,
we consider the case of y & C. Since C is perfect, there exists exactly one ¢ € C
with dg(y, €) = 1. Let [ be the position where the two vectors differ.

The [-th player guesses as follows: if @; € C, then he guesses 1 and a; # y
since ¥ ¢ C. Hence, g; = ¢ € C and b; = y and so his guess is correct. The same
arguments also show a correct guess in case of b; € C. All other s-th players
with s 5 [ remain neutral since @, ¢ C and b, ¢ C.

In summary, in case of ¥y & C one player guesses correctly and all other
players remain neutral. Hence

')
n—+1

2n___2k
PlygC) = 77 =1_2—(n—k)=1_2—r=1_(n_|_1)-1=

is the teams’s winning chance.
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Plotkin

Hamming
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Bild 3.4. Asymptotische Schranken

Alle Codes liegen unter den oberen Schranken, insbesondere also
unter der Elias-Schranke, und es gibt einige gute Codes oberhalb der
unteren Gilbert-Varshamov-Schranke, d.h. im schraffierten Bereich.

Unterhalb des schraffierten Bereiches liegende Codes sind als schlecht
anzusehen. ,

Nach der Gilbert-Varshamov-Schranke ist zumindest die Existenz
von sogenannten asymptotisch guten Codefamilien (ng, ks, ds) mit

~

k d
lim —= >0 und lim — >0 (3.4.6)

§—00 N $—00 71

garantiert. Aber alle bekannten Codefamilien erfiillen diese Eigenschaft
nicht und sind damit asymptotisch schlecht.
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Bild 2.4. Notwendiges E; /Ny fiir R = Ry bzw. R = C beim AWGN (g = 2)

Folgerungen:

(1) Fiir E,/No Kleiner als der linke Grenzwert ist keine Ubertragung
mit R = Ry mdglich! Ursache: Ein kleines R bedeutet ein grofle
Bandbreite und damit ein kleines E. gegeniiber Np. Damit wird
jedes einzelne Codebit vom Rauschen weitgehend iberdeckt und
R, fallt sehr klein aus. Ab einer gewissen Grenze wird dann Hj
kleiner als R, so dafl R = Ry nicht mehr erreichbar ist.

(2) Der Abstand zwischen Cyof; und Charq ist nicht néherungsweise kon-
stant wie bei den Rp-Kurven. Fiir R — 1 laufen Cpara und R soft
zZusammen.

(3) Es ist kaum sinnvoll, R < 1/2 zu verwenden, da der Gewinn beim
Ubergang von R = 1 / 2 auf R — 0 maximal nur rund 1 dB beziiglich
Ry betragt! '

2-17



224 6. Cyclic Block Codes

If only burst errors of a length smaller than 4 are supposed for the channel, then
the error pattern e; is more probable than e; and even more probable than es,
in spite of wx(e;) < wg(er).

If the error pattern contains a maximum of ¢ single errors or one cyclic
burst error of length t, then the number of possible error patterns including the
errorfree case is

t

Z (?) (g—1)"  single error (number of < ¢)

Li={ =0 (6.6.3)

1+n(g—1)¢"!  cyclic burst error (length < ¢)

The number of single errors was already determined in Theorem 4.13. For cyclic
burst errors as in (5.6.2), there exist ¢ — 1 possibilities for the first coefficient
in b(z) and g possibilities for the other ¢ — 1 coefficients. For ¢ there are n
possibilities in addition to the errorfree case. However, these considerations only
apply for 2¢ < n + 2. The opposite 2t > n + 2 is of less practical significance
and in this case only L; < 1+n(g — 1)¢** is valid.

Example 6.7. Consider a non-cyclic linear (6, 2, 3), code with
¢ = {000000,111000,000111,111111}.

The burst error 111000 is equal to a codeword and is not detected. Permutations
lead to an equivalent code also with dmin = 3,

¢ = {000000,101010,010101,111111}.

This code detects all Ly — 1 = 45 < 6 - 28 = 48 cyclic burst errors of a length
smaller than or equal to 4 because these burst errors are not codewords:

100000 110000 101000 111000 100100 101100 110100 111100
010000 011000 010100 011100 010010 010110 011010 011110
001000 001100 001010 001110 001001 001011 001101 001111

000100 000110 000101 000111 100101 100110 100111
000010 000011 100010 100011 110010 010011 110011
000001 100001 010001 110001 011001 101001 111001.

Independent of the permutation dn;, = 2 arbitrary single errors are always
detected in this example. [ |

For the detection of burst errors equivalent codes are not equally suitable,
especially if a non-cyclic code is compared to a cyclic code. Permutations of
columns can cause a good code to turn into a bad one. The same goes for the
correction of burst errors. -

In contrast, for the detection or the correction of single errors, equivalent
codes are to be considered to be equal.
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8.1 Representation and Performance of Reed-Solomon Codes

Post-decoding error rates

5]

&

T

2.

r’d
%
/

~ uncoded
N BER_

Post—-decoding error rates

Symbol-error rate before decoder

Figure 8.4. P, and Py of (255,255 — 2t, 2t + 1)256-RS codes for several #
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8.2 Representation and Performance of BCH Codes 309
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BCH codes
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Coderate R

o
w

o
)

Ellaslbound
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Gllbert—Varshamov bound
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Distance rate d_. /n
min

Figure 8.15. Comparison of some BCH codes with upper and lower asymptotic
bounds

Asymptotically bad codes with d/n — 0 at a constant rate and n — oo may,
of course, still have a coding gain going toward infinity, since

R d
Ga,hard%mologm(é—'-g-n) — 00 as n— o0

is possible, if d/n converges very slowly toward zero.

Although BCH codes are asymptotically bad their practical advantages still
dominate: BCH codes exist for many parameter values, they are more powerful
for short and medium block lengths than any other known code family, the
costs of encoding and especially of decoding are relatively small. However, the
disadvantages are:

e BCH codes can only be corrected up to half the designed distance by the
usual, less time consuming decoding methods. It is of no use for decoding if
the actual minimum distance is bigger. ML decoding is usually impossible,
although it would mean enormous improvements [?].

e Furthermore the usual decoding methods only compute hard decisions. So
the expected gain of 2 to 3 dB for soft; decisions can not be achieved. For
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308 8. Reed-Solomon and Bose-Chaudhuri-Hocquenghem Codes
10° S~ U A T S ST L SRS N N
. RS(31,23),,= (155,115),, t=4 R= D3¢
10' .............................. e na M8 e e ORI SCR R -
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s RS(255,191), = (2040,1528),, =32 =037
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g L
S DR
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Figure 8.14. Comparison of a BCH code with some RS codes (all with R ~ 3/4)

Now, we will examine the influence block lengths have on the behaviour of
BCH codes by taking a closer look at Tables 8.3 and 8.4. According to Table 8.3
the asymptotic coding gain G para = 10 - log,o(R(¢ + 1)) grows with increasing
block length, as expected on the grounds of Figures 8.9 to 8.11. Yet, at the same
time the distance rate d/n decreases, as shown in Table 8.4. The distance rate
of RS codes is much larger with dpjn =1 — R+ 1/n &~ 1 — R, and thus lies on
the asymptotic Singleton bound, which is obvious since RS codes, being MDS
codes, satisfy the equality of the Singleton bound.

Figure 8.15 shows a comparison of the binary BCH codes with the asymp-
totic upper Elias bound and the asymptotic lower Gilbert-Varshamov (GV)
bound of Figure 4.6. For the block lengths 31, 63 and 255 all BCH codes
are listed, however, for 1023 only a small number of representative BCH codes
is given. Short BCH codes lie way above the GV bound, and for n = 31 even
above the upper Elias bound (which is, of course, no contradiction, since for a
small n, codes can have a quite different behaviour than in the asymptotic case
of n — o). For a bigger n the distance raté comes close to the GV bound and
for n > 1023 even goes below the GV bound. So even in this representation
BCH codes turn out to be asymptotically bad. :
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